Abstract. We present microwave measurements on dielectric billiards with mixed phase space. Transmission spectra were measured from a fixed antenna inside the billiard to a moveable antenna, thus scanning both the inside and outside region of the billiard. A Fourier transform of the transmission spectra yields the pulse propagation, which is used to study in particular the longtime dynamics of the system. The Poynting vector, which describes the energy flow of the microwaves, is obtained from the measurement for each time step of the pulse propagation. Close to the boundary of the billiard it reveals a characteristic directionality of the microwave emission, which is in accordance with measurements of the far-field intensities of micro-disc lasers of the same shape. To achieve a direct comparison to the internal dynamics of the classical system, the Husimi distributions of the pulse propagation are calculated. Averaging the Husimi distributions for the long-time dynamics provides a very clear picture of the internal dynamics in phase space. The results are in agreement with classical simulations.
Introduction
Disc-shaped dielectric cavities have received a lot of attention, in particular as compact optical resonators. They are of interest for the design of microlasers and integrated optics applications [1] . The light can be trapped inside the dielectric cavity by total internal reflection, or can partly escape by refraction, depending on the angle of incidence with respect to the boundary. The resonances with the longest lifetimes (high-Q modes) are the so-called 'whispering gallery modes' which circulate along the boundary and always stay above the critical angle of total internal reflection.
Initially, in the early 1990s, cavities with a circular boundary were used [2] to fabricate so-called microlasers. Their emission patterns are homogenous in all directions due to rotational symmetry and the output power is rather weak because of long lifetimes of the resonances. However, both for the design of microlasers, and for other optical applications, it is desirable to have a directed emission and a strong coupling to the outside.
A lot of work has been done to investigate different shapes of such devices [3] - [6] to improve their characteristics. These studies range from numerical approaches to calculate the resonance patterns [7, 8] , to the comparison with ray simulations [3, 9] - [11] to provide a better understanding of the emission behaviour. This inevitably touches the field of quantum chaos, when the underlying classical dynamics are chaotic, see e.g. [12] . Special attention has to be paid to the Fresnel laws at curved dielectric interfaces [13] and to Fresnel filtering due to the finite angular spread of a beam [14] .
For comparison with the classical phase space structure, many publications rely on the Husimi distribution of wave patterns, see e.g. [7, 11, 15, 16] . Recent studies also incorporate the nonlinear effects of the optical gain due to the pumping of the active lasing material. In the papers by Harayama and co-workers [4, 17, 18] , the full nonlinear Maxwell-Bloch equations are considered to describe the active medium. Tureci and Stone [19] work with a near-threshold approximation, developed by Haken and Sauermann [20] , which yields multi-mode lasing equations and thus allows us to address the problem of mode competition.
On the experimental side, advances in the production techniques have been made (see e.g. [15, 21] ), and the lasing modes have been inferred both from the far-field emission pattern and from the emission intensity at the cavity boundary [11, 14] . In this context, the phenomenon of scarring, i.e. lasing modes which resemble classical periodic orbits, has been studied intensely.
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Institute of Physics ⌽ DEUTSCHE PHYSIKALISCHE GESELLSCHAFT Figure 1 . Left: Poincaré section for a quadrupole billiard with = 0.08. The critical line for teflon at sin χ c = ±0.69 is plotted as well (red lines). Right: shape of the quadrupole billiard, showing the stable diamond-shaped orbit (blue line), and the unstable rectangular orbit (orange line). χ is the angle of incidence of a ray with respect to the local normal.
Apart from disc-shaped semiconductor microlasers, one should also note related experimental work on lasers using microcrystal structures [22] , liquid jets [21] and liquid droplets [23] .
In this paper, we present microwave measurements of a dielectric quadrupole billiard. The focus will be on the comparison of the measured wave patterns to the classical ray dynamics of the system. It was shown by Nöckel and Stone [3, 24] that smooth deformations of the circular shape lead to anisotropic whispering gallery modes, which have a directional emission pattern and quality factors that are tunable by the degree of deformation.
For an ellipse, the strongest emission is expected to be tangential at the points of highest curvature. The situation is more complex and thus more interesting for a quadrupolar deformation of the circle, described by
where is the deformation parameter. This deformation leads to a mixed phase space, i.e. partly regular and partly chaotic dynamics, which has important consequences for the internal dynamics and the emission behaviour of the system. The strongest emission does not occur at the points of highest curvature; still the emission pattern is highly directional. Figure 1 (left) shows the Poincaré section of the classical phase space for the quadrupole billiard with deformation parameter = 0.08. The critical angle for total internal reflection is given by sin χ c = 1/n, where n is the index of refraction of the dielectric, assumed to be surrounded by air. For teflon, the material used in this experiment, the index of refraction is n = 1.44, yielding sin χ c = 0.69. To obtain a Poincaré section only the points of reflection at the boundary are considered instead of the continuous trajectory. For each reflection point its position, parameterized by the angle φ, and the sine of the angle of incidence χ are plotted. This is illustrated in figure 1 (right) .
Nöckel et al [10] developed a ray model description for asymmetric resonant cavities, which tries to explain the emission of deformed whispering gallery modes as refractive escape of rays which are initially trapped by total internal reflection. Due to their chaotic dynamics, these rays diffuse chaotically until they reach the critical angle and leave the cavity.
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Institute of Physics ⌽ DEUTSCHE PHYSIKALISCHE GESELLSCHAFT Initially, the presence of stable islands intersecting the line of the critical angle was considered the main reason for the characteristic emission behaviour of the quadrupole billiard, because the islands prevent the escape of rays at the points of highest curvature, φ = 0 and φ = π. This phenomenon was called 'dynamical eclipsing' [10] .
However, Schwefel et al [11] found in a detailed study of the classical dynamics that the characteristic emission behaviour persists even for strong deformations, where the stability islands have already vanished. They found that the unstable manifold of the rectangular periodic orbit (see figure 1) dominates the short-time dynamics of the system, which determines the emission behaviour. In section 2, this unstable manifold is discussed in detail.
Discussions with J U Nöckel have initiated our microwave experiments on dielectric quadrupole billiards, where the dielectric micro-disc is substituted by a teflon disc with n = 1.44. The experimental setup is described in section 3. We measured transmission spectra using two antennas, and obtained the pulse propagation by a Fourier transform [25] .
For each time step of the pulse propagation we determined the Poynting vector in the nearfield. Thus, we were able to study the directionality of the emission behaviour. In laser experiments, one usually examines the light intensity in the far-field to extract the same information.
To achieve a direct comparison to the internal dynamics of the classical system, we determine the Husimi distributions of the pulse propagation (see section 5). By averaging the Husimi distributions over four periods of the circulating wave packets, we achieve a very clear picture of the internal dynamics in phase space. The results are presented in section 7. They show very good agreement with classical simulations for the long-time dynamics, if the escape of the rays due to refraction is taken into account. This illustrates the importance of the unstable manifold for the emission behaviour.
The unstable rectangular orbit
It is convenient to analyse the dynamics in terms of the Poincaré surface of section, where the dynamics from one reflection at the boundary to the next one can be described by a discrete map. Denoting position and direction by (s, u), where s is the arc length and u the sine of the incidence angle, the map which propagates the ray to the next position and direction is defined by
A point (s p , u p ) of the surface of section is called a fixed point of order N, if it satisfies
It corresponds to a periodic orbit in real space. The motion in the vicinity of a fixed point can be described by the monodromy or stability matrix M, which is a linearization of the map T N around the fixed point:
where For Hamiltonian flows M is always an area-preserving map, i.e. det M = 1. The eigenvalues of M can be either in complex conjugate pairs on the unit circle or they are purely real and reciprocal to each other. If the eigenvalues of the monodromy matrix M are complex, the fixed point is stable (elliptic) and nearby points oscillate around the fixed point. The modulus of the eigenvalues is 1 in this case.
In the case of real eigenvalues the fixed point is hyperbolically unstable. The eigenvector corresponding to the eigenvalue larger than 1 describes the unstable direction; in this direction deviations from the fixed point grow exponentially. The eigenvector belonging to the eigenvalue smaller than 1 describes the stable direction; in this direction deviations relax exponentially towards the fixed point. This behaviour can be inverted by reversing time. Then deviations in the unstable directions relax towards the fixed point and deviations in the stable direction will increase.
By iterating a set of points on the unstable eigenvector (but still very close to the fixed point), we can visualize the unstable manifold of the fixed point which is defined as the set of points that approaches the fixed point arbitrarily closely as t → −∞. As the unstable manifold deviates further from the fixed point, it begins to have larger and larger oscillations. This is necessary to preserve phase space area while at the same time have exponential growth of deviations.
The short-time dynamics in the vicinity of a hyperbolic fixed point is dominated by its unstable manifold, because a generic deviation will have at least some component along this unstable manifold. This was demonstrated e.g. in [11] for the quadrupole billiard.
While the quadratically shaped periodic orbit in the circle billiard is marginally stable as all periodic orbits of this billiard, the quadrupolar deformation of the circle leads to the creation of a stable diamond-shaped orbit, and an unstable rectangular orbit (see figure 1) .
Figure 2 (left) shows the initial parts of the unstable manifold for the rectangular orbit in the quadrupole billiard with = 0.08. For convenience, we use the angle φ in all plots to parameterize the boundary of the billiard. The corresponding fixed points of order 4 are located at φ p ≈ 0.2π, 0.8π, 1.2π and 1.8π, respectively. Their angle of incidence is χ p = π/4, yielding sin χ p ≈ 0.707. Thus, they are just above the critical line of total internal reflection, sin χ c ≈ 0.69. The manifold encloses the stability islands of the diamond-shaped orbit. For a larger deformation, = 0.13, the stability islands of the diamond-shaped orbit have shrunk considerably, while the unstable manifold of the rectangular orbit has become very dominant (see figure 2 (right) ). The positions of the fixed points are in this case φ p ≈ 0.18π, 0.82π, 1.18π and 1.82π, respectively. Still, their angle of incidence is χ p = π/4, and thus sin χ p ≈ 0.707.
In section 5, we will compare these results of the classical billiard with the dynamics of the microwave system by means of Husimi distributions.
Microwave measurement
The microwave systems studied in this paper consisted of a ground plate made of brass with rounded corners and dimensions 380 mm × 260 mm. On this ground plate the teflon discs were fixed with an adhesive (see figure 3 (left) ). Teflon has an index of refraction of n = 1.44 and is particularly well suited for microwave studies, since it does not attenuate the microwaves noticeably. The height of the discs was h = 8 mm, and their shape is given by equation (1), scaled with the mean radiusR = 100 mm. We are going to present the results for two deformation parameters, = 0.08 and 0.13.
The upper part of the system consisted of a brass plate supporting an antenna which could be moved with respect to the ground plate, thus allowing to scan the system. The top plate was large enough to cover the whole bottom plate for any position of the scanning antenna. In order to scan the system in the region of the teflon disc, the antenna was cut to be flush with the top plate (see figure 3 (right) ). This led to a noticeable reduction in the signal-to-noise ratio, but it was still possible to obtain reasonable results. More details on the setup and the technique can be found in [26, 27] . Figure 4 shows a typical transmission spectrum from the fixed antenna in the bottom plate (x a = −15 mm and y a = −76.5 mm) to the movable antenna in the top plate. Up to 13 GHz the spectrum shows a very regular spacing of resonances, because only the whispering gallery modes have long life-times. All other eigenmodes are not bound by total internal reflection and leave the teflon rather rapidly. At the edge of the ground plate the microwaves are reflected only very weakly. The situation is different for frequencies above 13 GHz, where we observe a rich spectrum of sharp resonances. The reason is the difference in the index of refraction inside and outside the teflon disc. For frequencies below ν c = c/(2nh) only TM 0 modes without z-dependence can be excited, because the wavelength is too large. In this case, the billiard is called quasi-twodimensional. For higher frequencies also TM 1 modes with one node in z-direction are allowed. Due to the higher index of refraction of teflon, this is already possible above ν c ≈ 13 GHz within the billiard, while in air the cut-off frequency is ν c ≈ 18.75 GHz. Since in this intermediate frequency range between 13 and 18.75 GHz the TM 1 modes in the teflon billiard cannot couple to equivalent modes in the outside region, they are trapped inside the teflon irrespective of the angle of incidence at the teflon-air interface. Therefore, the teflon disc acts like a closed system for these modes leading to the spectrum discussed above.
In the following, we shall only consider the frequency range below 13 GHz, since we are interested in the teflon disc as an open system.
The electromagnetic propagator
The measurements presented in this paper were done using an Agilent 8720ES vector network analyser, yielding directly the scattering matrix S of the system. The non-diagonal elements of S are given by the transmission amplitudes S ij between antennas i and j, and the diagonal elements by the reflection amplitudes S ii at antennas i. Scattering theory yields a relation between the scattering matrix S and the Green function G of the billiard (see e.g. [28, 29] ):
For isolated resonances, the Green function for the electromagnetic case can be written as
where the complex widths n lead both to a broadening and to a shift of the resonances due to absorption and coupling to the antenna. Also the wavefunctions ψ n (r) are not exactly the ones of the closed system, but are slightly perturbed due to the presence of the antenna. 
By a Fourier transformation of the transmission spectra S ij (ν)
we directly obtain the electromagnetic propagator
It is also possible to calculate the quantum-mechanical propagator by taking the corresponding dispersion relation into account. Since in our experiment one antenna position was fixed, we did not measure the complete Green function. Thus the Fourier transform yields a pulse propagation with a fixed initial condition, corresponding to a circular wave emitted from the fixed antenna.
For each teflon billiard, transmission measurements were performed for 2632 positions of the scanning antenna on a square grid with 5 mm resolution in the frequency range 0.5-18.24 GHz. In the following, we will discuss in detail the results for the teflon quadrupole billiard with a deformation = 0.13. Only at the end, we will compare these results with the ones for a smaller deformation, = 0.08. Figure 5 (left) shows a whispering gallery mode for the resonance at ν = 10.4 GHz. The plot of the wavefunction has been obtained by averaging the transmission amplitude (including the phase) in a small frequency window for every position of the scanning antenna.
In figure 5 (right), we present a snapshot of the pulse propagation at an early time t = 404 ps, when we still see the emergence of the circular pulse from the fixed antenna. Further we observe the different wavelengths inside and outside of the teflon, caused by the different indices of refraction. Already at this early stage, we see the development of two wave packets supported by the whispering gallery modes, one running clockwise, the other counter-clockwise along the boundary.
A sequence of snapshots of the pulse propagation is presented in figure 6 . The first few time steps show a circular wave that is emitted from the fixed antenna. In the second row of the figure,
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Institute of Physics ⌽ DEUTSCHE PHYSIKALISCHE GESELLSCHAFT Figure 6 . Sequence of the pulse propagation for some initial time steps: t = n t, where t = 81 ps and n = 2, 4, . . . , 24. The plots show the amplitude of the pulse, where red corresponds to zero, dark colours correspond to positive, and light colours to negative values. See the movie in the supplemental multimedia files.
Institute of Physics ⌽ DEUTSCHE PHYSIKALISCHE GESELLSCHAFT Figure 7 . Gaussian wave packet for φ = 3π/2 and sin χ = 0 .
we see how most of the initial wave packet escapes the teflon disc due to a very steep angle of incidence. The remaining part of the pulse is almost completely concentrated on the two wave packets described above.
Husimi distributions
To compare the internal dynamics of the teflon system to the classical Poincaré section, we shall use the Husimi distribution [30] - [32] , which is the quantum analogue to the classical phase-space probability density. It is the projection of a given quantum state |ψ on to a coherent state of minimum uncertainty, i.e. a Gaussian wave packet.
Making the same restrictions on position and momentum as in the Poincaré section, where only reflections on the boundary of the billiard are considered, we can write the Husimi distribution as
where |φ, χ denotes the coherent state at the boundary. In figure 7 , such a coherent state is shown for φ = 3π/2 and sin χ = 0. Its representation in real space can be written as
where r 0 = r 0 (φ) and k 0 = k 0 (φ, χ). For the calculation of the Husimi distribution we only consider the region inside the teflon disc by setting the wavefunction on the outside to zero. The Husimi functions at dielectric interfaces have been studied in detail by Hentschel et al [16] , where they considered both inside and outside regions.
Instead of analysing the Husimi distribution of eigenmodes, we shall consider the pulse propagation. The time evolution of phase space densities has been studied theoretically by, e.g., Manderfeld et al [33] and Prosen andŽnidarič [34] .
Institute of Physics ⌽ DEUTSCHE PHYSIKALISCHE GESELLSCHAFT Figure 8 . Pulse at t = 162 ps (left), and its Husimi distribution (right). The pulse is well localized in space, but spreading in every direction. Figure 8 (left) shows the measured pulse at t = 162 ps, when the microwaves just start to spread from the antenna. Its Husimi distribution shows the pulse at a well localized position, but spreading in every direction ( figure 8 (right) ). The fine structure in the Husimi distribution is an edge effect: both the measured pulse and the Gaussian wave packets used in the Husimi projection are localized at the boundary of the teflon billiard. As mentioned above, the outside region is set to zero.
Pulse propagation in real space and phase space
While in laser experiments the directionality of the emission pattern was obtained by measuring the light intensity in the far-field, we are going to extract this information from the field distribution in the near-field of the teflon disc.
To this end, we have to calculate the Poynting vector S( r) which describes the energy flow of an electromagnetic wave. In our case of a quasi-two-dimensional microwave system, the Poynting vector reduces to
The Poynting vector is equivalent to the probability density current in quantum mechanics
A more detailed description of the Poynting vector in microwave systems is provided in [35, 36] .
We are now going to take a closer look at later times of the pulse propagation, when only the two wave packets are remaining which are supported by the whispering gallery modes.
In figure 9 , we present a sequence of the pulse at times t = 4935, 5097, 5744 and 6067 ps. In the left column, the absolute square of the pulse is plotted with the Poynting vector in the near-field of the teflon disc. The right column shows the corresponding Husimi distributions. In addition, the unstable manifold of the rectangular orbit is plotted.
The wave packet circulating counter-clockwise is always located in the upper part of the Husimi plot, corresponding to positive values of sin χ, while the other wave packet is located in the lower part. Even when the two wave packets interfere in position space, they are well separated in momentum space (see third row of figure 9 ).
The plot of the pulse at t = 4935 ps shows the point of strongest emission for the wave packet moving counter-clockwise. This is evident from the Poynting vector indicating a strong transport out of the teflon, tangentially to the disc's boundary. The corresponding Husimi plot gives even more insight into the emission behaviour as it shows clearly that the transport to the outside happens along the unstable manifold of the rectangular orbit. Only at these points the pulse surpasses the critical line of sin χ = 0.69, allowing an escape of the wave according to Fresnel's law. The plot for t = 5097 ps shows the wave packet on the left at the point of highest curvature. At this point the emission is rather weak. The Husimi plot shows that the wave packet stays well above the critical line at this position.
The last row of figure 9 shows a point of strong emission for the clockwise moving wave packet. Again the corresponding Husimi plot indicates the importance of the unstable manifold.
In figure 10 , we present for = 0.08 and 0.13 a histogram of the angle α of the Poynting vectors, weighted with their absolute value. This yields directly the directionality of the energy flow escaping the teflon disc. Horizontal vectors correspond to α = 0 or α = ±π, while vertical vectors correspond to α = ±π/2. A tangential emission at the points of highest curvature would correspond to vertical Poynting vectors, but the histograms clearly show that the vertical directions are suppressed.
The histograms were averaged over four periods of the revolving wave packets, corresponding to the long-time average to be discussed in section 7. Only the Poynting vectors close to the boundary were taken into account, more precisely those between 1.02 r(φ) and 1.08 r(φ).
We observe a very high directionality of the Poynting vector for both geometries of the billiard. This is in accordance with measurements of the far-field intensities of micro-disc lasers [11] .
Long-time dynamics
To simulate the microwave experiment in the ray-optical limit, we applied initial conditions matching those in the experiment. 4000 rays are started at the position of the antenna and spread uniformly in every direction. Each ray i is associated with an intensity a i , which decreases with every reflection at the boundary according to Fresnel's law
starting with an initial intensity a i,0 = 1. For the reflection coefficient R, the curvature corrections for curved dielectric interfaces [13] were taken into account, leading to
where
In this expression, K q are modified Bessel functions, η = arcsin(n sin χ) is the angle of refraction, r c is the radius of curvature and k is the wavenumber. After a few iterations only those rays with a large angle of incidence still have high intensities. In the top row of figure 11 , we show the Poincaré sections of the rays with intensities a i,m > 10 −8 for m > 30. For the billiard with = 0.08 all the rays remaining after 30 iterations are concentrated just above the unstable manifold. The escape due to small values of |sin χ| happens exclusively along this unstable manifold. In the phase space of this billiard there is a separatrix preventing the rays from reaching larger values of |sin χ|.
The situation is similar for the billiard with = 0.13. Here, the separatrix is very close to |sin χ| = 1 and the unstable manifold has a rather complex structure. But still the ray simulation reproduces all its details and the escape clearly follows this manifold.
The classical ray-simulations are compared with the long-time dynamics of the microwave system. To this end, the Husimi distributions of the pulses were averaged over four periods of the circulating wave packets. The results are presented in the bottom row of figure 11 . The averaging greatly enhances the quality of the Husimi plots and we find a compelling agreement with the results of the classical simulation, both showing the importance of the unstable manifold of the rectangular orbit. However, there are differences due to the finite wave lengths in the microwave measurement. While in the classical simulations the separatrix prevented the rays from reaching larger values of |sin χ|, the waves can reach this region by dynamical tunnelling. And for the same reason the wave dynamics can penetrate the stability islands, as seen in figure 11 (left) for = 0.08. 
Conclusions
In the present microwave experiments on dielectric quadrupole billiards we were able to reproduce the characteristic emission behaviour found in the far-field intensities of micro-disc lasers. We studied the Poynting vector close to the boundary of the teflon disc to obtain the directionality of the microwave emission.
We obtained the pulse propagation by a Fourier transform of the transmission spectra, and thus were able to concentrate on the long-time behaviour.
The Husimi distributions of the pulse propagation provided a visualization of the internal dynamics of the system. By averaging the Husimi distributions over four periods of the circulating wave packets, we achieved a very clear phase-space picture. The experimental results agree very well with classical simulations for the long-time dynamics, and clearly illustrate that the characteristic emission behaviour is dominated by the unstable manifold of the rectangular orbit.
